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EQUATIONS, TABLES, AND FIGURES FOR USE IN THE
ANATYSTS OF HELIUM FLOW AT SUPERSONIC
AND HYPERSONIC SPEEDS

By Jemes N. Mueller
SUMMARY

This report presents equations, tables, and figures for use in the
analysis of helium flow at supersonic and hypersonic speeds. The con-
tents of the report and presentation of the data parallel that of a
similar reference work (NACA Rep. 1135) prepared for air flow.

The perfect-gas relations for continuous one-dimensional flow,
normal- and oblique-shock waves, and Prandtl-Meyer expansions are the
same as for air but are presented here for completeness. The tables
present the values of useful dimensionless ratios for continuous one-
dimensional flow and for normal-shock waves as functlons of Mach number.
The helium viscosity relation as e function of temperature, mass-flow
rates as a function of Mach number and temperature, and the Reynolds
number as a function of Mach number and stagnation temperature are
plotted. The oblique-shock characteristics of wedges and cones in helium
at Mach numbers of 12, 16, 20, and 2k are presented in a series of plots.
Throughout 811 the computations, helium is considered to be a perfect gas.

INTRODUCTION

The use of helium as a flow medium in wind-tummel investigations
has proved to be feasible for the purpose of atteining test Mach num-
bers much higher than is now possible in air. (See ref. 1.) Test
results (refs. 2 and 3) have shown the usefulness of helium tummels in
fundamental gas-dynamics studies, and the use of helium in conventional
aerodynamic studies appears to be promising (ref. k). In reference k4,
the results of a study of the inviscid effects of the difference in the
ratio of specific heats for helium and air have indiceted that the con-
version of experimental force data obtained in helium to equivalent
data obtained in air might not be overly complex. The potentiality,
then, of the increased use of helium test facilities has produced the
need for a reference work containing the flow properties of helium and
related information.



2 NACA TN 4063

v

The purpose of the present report is to compile a reference work
for helium similar to that of reference 5 which is for ailr. The form
of the report follows, in general, that of reference 5; however, deriva-
tions of the various fundamental thermodynamic and compressible-flow rela-
tionships included in reference 5, which are also espplicable for helium,
are omitted in the present work and only perfect-gas effects are con-
sidered. Maximum use of the tabular form of data presentation is made
in order to present the various flow quantitles as accurately as pos-
sible. - Figures are used to present viscosity-temperature relations;
mass-flow rates; Reynplds number, Mach number, and temperature relations;
and illustrations of two- and three-dimensional oblique-shock relations.
The Mach number range covered by the taebles and figures is from 1 to 4O.
Also included 1s a short bibliography of several sources of information
pertaining to the characteristics of helium gas.

SYMBOLS
A cross~sectional areas of stream tube or chennel, sq in.
a speed of sound, ft/sec
cp specific heat at constant pressure, ft°/sec®-°R
cy specific heat at constant volume, £t°/sec®-CR
[ characteristic reference length, ft
M Mech number, V/a
Npo Reynolds mmber, pVi/n
o) pressure, 1lb/sq ft
a dynamic pressure, %.pM2 — -
R gas constant
T absolute temperature, °R
t temperature, OF
v speed of flow, ft/sec
v meximum speed obtainable by expanding to zero absolute pressure

*
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4 ratio of specific heats, cp/ey

e} angle of flow deflection across an oblique-shock wave or
wedge angle, deg

€ shock-weve angle measured from upstream flow direction, deg

1 absolute viscosity, slugs/ft-sec

5 Mach angle, sin-1 ﬁ

v Prandtl-Meyer angle (angle through which a supersonic stream
is turned to expand from M =1 to M > 1), deg

p mass density, slugs/cu ft

(o] semivertex angle of cone, deg

Subscripts and superscripits:

c conditions on surface of cone

t total conditions (that is, conditions that would exist if
the gas were brought to rest isentropically)

1 condition Jjust upstream of shock wave

2 . condition just downstream of shock weve

LY free-stream conditioms

* critical conditions (that is, conditions where local speed

is equal to local speed of sound)

FUNDAMENTAT, FLOW EQUATIONS

The fundamental flow equations are applicable for all perfect gases
and have been given in many other publications {for example, ref. 5);
however, they are presented herein for completeness.

Continuous One-Dimensional Flow

The basic equations for the continuous flow of an inviscid perfect
ges along & streamline are given in reference 5, along with useful rela-
tions expressing various dimensionless ratios as functions of a single
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paremeter. These dimensionless relations are given below with the Mach
number used as the independent variable. In each case the second form
of the equation applies for ¥ = 5/3 i

The notation in brackets [ ] after the equations signifies that
the equation is valid only within certain limitations. For example,

[perf] the equation 1s restricted to a gas which is hoth 'bherma.lly
and calorically perfect =

[isen] the flow process must take place isentroplcally

[adiab] the only restriction on the flow process 1s that it must take
place adiabatically - that is, without heat transfer.

7
T -1 -5/2
D y =12 2 » |
5; = (1 + I M ) = (l + M?-) El.sen, perf:’] (1)
-2 3 /2
7-1 2\~
bEE = (1 + L.;_l M2) = (l + I‘-%—) [1sen, pers] (2)
-1 -1
T - 1,2 M2
T = (1 + 7_2_ M ) = (1 + ?) [a.dia.b, perfj (3)
-1/2 -1/2
y -1 M2 '
R M
-7 /
7-1 =5/2
q 2 y -1.2 2 M2 _
Be = 521 M (l + M ) = % M .(l + —) [1sen, perf] (5)
7+l _ vl
* 1 2(y-1) _ 2(y-1) -2
AI = (7 Z ) M(l + 7Tl M2) =—i§6- M(l + M?e) [Lsen, pers]

(6)



o _ -1
(l) - L;_l MQ(]_ + 7—;—1' M2) t ”‘;—2 (1 + 1";-3) ladieb, pere] (7)

2 -1 -1
(:‘%) =Z_i_lM2<1+.7_'_;_lM2) =-l‘%2(l+ M—z) E,diab, perf:l (8)

Prandtl-Meyer Expansion

A uniform two-dimensional supersonic stream flowing over a convex
bend expands isentropically. A convenient relation for the Prandtl-
Meyer angle v through which the stream turns can be found by consid-
ering the specisl case of & stream at & Mach number of 1 flowing around
a corner. See the following sketch of the Prandtl-Meyer expansion:

Initial
Mach line
M=1 Final
Streamline / Mach
line
T L F YV TR

For a perfect gas, the Prandtl-Meyer angle v through which the stz/'ea.m
turns in expanding from a Mach number of 1 to a supersonic Mach number is

3/2
ve 1t L -1 7';:L(ME_]_) _tm'l\‘MQ-l:tan'lgEL_
7y -1 7+ 1 3142+1

(9a)

As a matter of interest an anslytic inversion of the Prandtl-Meyer equsa-
tion (eq. (92)) is possible for velues of specific-heat ratio of 5/3
and 5/1L; and the Langley Laboratory has used the inverted equation for

7y = 5/3 in the form
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tan p = E[Kcos v + l)l/3 + (cos v - l)l/%] (9b)

2 sin v sin v

for some time. Recently, & formal presentation of the analytic inver-
sion of equation (9a) for 7 = 5/3 eand 7y = 5/4 by Probstein (ref. 6)
bhas become availeble., For ¥ = 5/3, the inverted equation is given in

the form 2/3
1+ (tan ¥
" 1- Etan 32432/3 (9e)
2

The usefulness of the inverted equation is readily seen in that it
allows the local Mach number to be expressed explicitly as & function
of the turning angle. The Mach angle of the flow p 1s given, of
course, by the relstion

(10)

Normal -Shock-Wave Relations

Meny of the more useful relations for normal-shock waves are con-
veniently expressed in terms of upstream Mach number M;. The following

relations, using M; as the independent variable, apply to adlabatic
flow of a perfect fluid: '

2=(7-1)M12+2 =M12+5 ()
o2 - (y -1) 542 -1

pp_ 2MZ - (7 -1) 52 -1 (12)

P1 y+ 1 4

p (y + 1)M,° M. 2 '
2 - e (13)

1 (y-1mPr2 m2+3

T_2 _ E?’Mla -(y - li] E_y - 1)Ml2 + 2] _ 5Mll+ + thle -3

(14)
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A 1
T — 2
Py, _| (7 + 1ng® 7 7+ 1 —]7-1 _ [ g? 521, 3/2
Pe,1 (y - 1)Ml2 + 2 27M12 -(y - 1l] M2+ 5 54,2 - 1
(15)
7 3
7-1 -— 2
Pt o ) [(7 + l)M12 v+ 1 ‘,7-1 ] <hM12)5/ 4 3/2
Py 2 o2 - (7 - 12] 3 5,2 - 1
(16)

(Equation (16) is known as the supersonic pltot-tube equation or
Reyleigh's formula.)

The values of the ratios presented in equations (1) to (16) are
given in table I for the Mach number renge 1 to 40 in 0.0l increments
of Mech number.

Obligque-Shock-Wave Relstions

An oblique-shock wave acts as & normel shock to the flow perpen-
diculer to it; therefore, the pressure relations for normal-shock waves
except for the retio of static pressure to total pressure Pl/pt >
b

epply to oblique shocks if My and My are replaced by their normal
components, M; sin € and M, sin (e - 8) as shown below:

P, 2MM;%sine - (7 - 1) 5M;2sin®e - 1

£ = 1
P, 7y + 1 4 n
Py (7 + 1)M;%sin?e 1M, Zsine (18)
P (y - l)Miasinee + 2 lzsinze +3
?3 _ [27M125:Ln2<-: - (y - lﬂ K’y - l)Mlesinze + 2:|
Ty (7 + 1)2M1%s1n%e
2 2 2 2
(BM sin“e -l)(M s:Lne+3)
_\ 1 2 (19)

16M]_2 sin®e
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(y - 1)Mlasin2e + 2 M2sin®e + 3
=2 (20)

M,2s1n?(e - &) = =
o7M;2sin2e - (y - 1) 5M;%sin®e - 1

The deviation of the flow & across an obligue shock 1s cbtainable from
the relation

2 2
M M
1 _[r+1 1 - 1)ten e = (& 1 - 1lltan € (21)

tan & 2 My®sin®e - 1 5 M;%sin"e - 1

VISCOSITY RELATION AND THERMODYNAMIC CONSTANTS

Viscosity Relation

The equation for the determination of the viscosity of helium was
taken from reference 7 and is as follows:

n = 831510047  10% _ (22)
where
n viscosity, 1lb(Mass)/hr-ft
T absolute temperature, SR
T =t + 459.69
t temperature, Op

The helium viscosity relstion, converted to units of slugs per foot-
second, is plotted in figure 1 for a range of temperature from 10° R
to 1,300° R. The converted equation is

To.6u7 9

n="T.173 x 10~ (22a)

where
T absolute temperature, °R

1 viscosity, slugs/ft-sec _
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Thermodynemic Constants

The value of the ratio of specific heats for helium is 7 = 5/3
when it is treated as a completely perfect gas. Values of Cps Cys

and R Tfor helium are

cp = 31,089 ftz/sec2-9R
¢y = 18,651 ft2/sec?-R
R = 12,438 £t°/sec®-°R
REYNOL.DS NUMBER
The Reynolds number is defined as:

[s )T A
|

Npe =

This parameter cen be put into the form

Npe _ 1.958M, x 107 ,
1 A\1:353 ¢
Ttl.llr((l + M_m_)

(23)

3

through use of the helium viscosity equation and other fundamentel rela-
tionships. In equation (23) p; 1is in pounds per square inch absolute,

the characteristic length 1 1is In inches,-end T, 1s in degrees

Rankine. The graph of equation (23) is shown in figure 2. It should
be pointed out that the curves shown in figure 2 are based on a value
of pg of unity to facilitate their use.

MASS-FLOW RATE

The following equations, combined with equations (2) and (L), are
used to obtain the mass-flow rate per unit area pV along a stream tube
as a function of Mach number, total temperature, and total pressure.

AV = Constant = p*A*v* (2k)
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Numerical values can be obtained from figure % where the variation with
Mach number of the mass-flow rete per unit cross-sectional area is pre-
sented for varlous total temperatures and a total pressure of 1 pound
per square inch absolute.

OBLIQUE-SHOCK CHARACTERISTICS CF WEDGES AND CONES

The oblique-shock characteristics of wedges and cones are presented
in figures 4 to 9 and figures 10 to 15, respectively, for Mach numbers
of 12, 16, 20, and 24. The figures for the wedge characteristics (figs.
to 9) show the dependence of shock-wave angle, Mach number behind the
shock, and pressure ratio through the oblique shock on wedge angle;
vhereas the cone figures (figs. 10 to 15) show the dependence of shock-
wave angle, limiting veloclty ratio along the surface of the cone, and
cone surface pressure on cone semivertex angle. The method of calcula-
tion used to obtain the conical-flow solutions presented in figures 10
to 15 is given in detail in reference 8. The equations presented in
reference 8 are readily adapteble to automatic computing procedure and
were solved mechanically.

CONCLUDING REMARKS

Equations, tables, and figures for use in the analysis of helium
flow at supersonic and hypersonic flow have been presented. This paper
parallels NACA Report 1135 which was prepared for air flow. The tables
present the values of useful dimensionless ratios for continuous one~
dimensional flow and for normel-shock waves as functions of Mach number.
The helium viscosity relation as a function of temperature, mass-flow
rates, and the Reynolds number as s function of Mach number and stagna-
tion temperature are plotted. The obligue-shock characteristics of
wedges and cones in helium at Mach numbers of 12, 16, 20, and 24 are
presented. Throughout all the computations, helium 1s considered to be
a perfect gas.

Langley Aeronautlical ILaboratory,
National Advisory Committee for Aeronautics,
Langley Field. Va., May 1, 1957.

= RT . (25)

a % \[_ ' (26)

b
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